Abstract. In this paper we are concerned with finite soluble groups G admitting a factorisation G D AB, with A and B proper subgroups having coprime order. We are interested in bounding the Fitting height of G in terms of some group-invariants of A and B, including the Fitting heights and the derived lengths.
Introduction
In this paper, all groups considered are finite and soluble, and hence the word "group" should always be understood as "finite soluble group".
We investigate groups G with a given factorisation In particular, h.G/ Ä h.A/ C 2j .B/jı.B/.
In Section 2 we introduce some basic notation and some preliminary results that we use throughout the whole paper. In Section 3 we present our main tool (the towers defined by Turull [10] ) and we prove some auxiliary results. Section 4 is dedicated to the proof of Theorems 1.1 and 1.2, and of Corollary 1.5. The proof of Theorem 1.4 (which requires a slightly different machinery) is postponed to Section 5.
Notation and preliminary results
Given a group G, we denote by F.G/ the Fitting subgroup of G (that is, the largest normal nilpotent subgroup of G). Moreover, the Fitting series of G is defined inductively by F 0 .G/´1 and F i C1 .G/=F i .G/´F.G=F i .G//, for every i 0. Clearly, F i .G/ < F i C1 .G/ when F i .G/ < G, and the minimum natural number h with F h .G/ D G is called the Fitting height (or Fitting length) of G and is denoted by h.G/. Similarly, the derived length of G is indicated by d.G/.
We let jGj denote the order of G and we let .G/ denote the set of prime divisors of jGj. Given a prime number p, we write G p for a Sylow p-subgroup of G. A Sylow basis of G is a family ¹G p º p2 .G/ of Sylow subgroups of G such that G p G q D G q G p for any elements p; q 2 .G/. By a pioneering result of Philip Hall [9, Sections 9.1.7, 9.1.8 and 9.2.1 (ii)], every (finite soluble) group has a Sylow basis. In particular, for every set of primes , G contains a Hall -subgroup, which will be denoted by G . Given a set of prime numbers, we set 0´¹ p prime j p … º. Moreover, when D ¹pº, for simplicity we write p 0 for 0 . As usual, O .G/ is the largest normal -subgroup of G and the upper 0 -series of G is generated by applying O 0 and O (in this order) repeatedly to G, that is, the series
This is a series of characteristic subgroups having factor groups 0 -and -groups, alternately. The minimum natural number`such that the 0 -series terminates is called the -length of G and denoted by` .G/. When D ¹pº, we write simply O p .G/ and`p.G/. We first state a basic elementary result which will be used repeatedly and without comment. Chernikov and Petravchuk [4] have shown that` .G/ Ä 2d.G / for arbitrary sets of primes . A little later, Kazarin [7] strikingly proved the exact analogue of Theorem 2.2 when 2 … . We state these generalisations in a form tailored to our needs. Theorem 2.3. Let G be a group and let be a set of primes. Theǹ
Proof. The inequality` .G/ Ä 2d.G / is the main result of [4] , and when 2 … , the refined inequality` .G/ Ä d.G / is the main result of [7] (see also [2, Theorem 1.7.20]). When G is nilpotent, the proof follows from Theorem 2.2.
Our toolkit: Towers
We start this section with a pivotal definition introduced by Turull [10] . (The definition of B-tower in [10, Definition 1.1] is actually more general than the one we give here and coincides with ours when B D 1.) Definition 3.1. Let G be a group. A family T´.P i j i 2 ¹1; : : : ; hº/ is said to be a tower of length h of G if the following are satisfied:
(3) Define, inductively, P h´Ph and P i´Pi =C P i .P i C1 / for i 2 ¹1; : : : ; h 1º.
Then P i ¤ 1 for every i 2 ¹1; : : : ; hº.
(4) p i ¤ p iC1 for every i 2 ¹1; : : : ; h 1º.
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A concept that resembles the definition of tower was originally introduced by Dade in [5] for investigating the Fitting height of a group. The relationship between Fitting height and towers was uncovered by Turull. In view of Lemma 3.2 we give the following:
The following is an easy consequence of [10, Lemma 1.5]. To simplify the notation, given a p-group P , we write .P / D p when P ¤ 1, and .P / D 1 when P D 1. Observe that when P ¤ 1, we have .P / D ¹ .P /º. Lemma 3.4. Let G be a group, let T D .P i j i 2 ¹1; : : : ; hº/ be a tower of G, let j 2 ¹1; : : : ; hº, let s 0 be an integer and let T 0 D .P i j i 2 ¹1; : : : ; hº n ¹j; j C 1; : : : ; j C s 1; j C sº/:
Then one of the following holds:
Proof. By [10, Lemma 1.5], for every h 0 with 1 Ä h 0 Ä h and for every increasing function f W ¹1; : : : ; h 0 º ! ¹1; : : : ; hº, the family .P f .i/ j i 2 ¹1; : : : ; h 0 º/ satisfies the conditions (1)- (3) in Definition 3.1. Applying this with h 0´h s 1 and with f W ¹1; : : : ; h 0 º ! ¹1; : : : ; hº defined by
we obtain that T 0 satisfies the conditions (1)- (3) of Definition 3.1. As T satisfies Definition 3.1 (4), we immediately get that either T 0 satisfies also (4) (and hence is a tower of G), or 1 < j Ä j C s < h and .P j 1 / D .P j CsC1 /. Definition 3.5. Let G be a group, let T D .P i j i 2 ¹1; : : : ; hº/ be a tower of G and let be a set of primes. We set .T /´j¹i 2 ¹1; : : : ; hº j .P i / 2 ºj:
Clearly, .T / D 0 when the sets and ¹ .P 1 /; : : : ; .P h /º have no common elements. 916 C. Casolo, E. Jabara and P. Spiga Set P 0´1 and P hC1´1 . For i; j 2 ¹1; : : : ; hº with i Ä j , the sequence .P`j i Ä`Ä j / of consecutive elements of T is said to be a -block if .P i Cs / 2 for every s with 0 Ä s Ä j i ,
Moreover, we denote byˇ .T / the number of -blocks of T .
The main result of this section is Lemma 3.8: before proceeding to its proof we single out two basic observations. Lemma 3.6. Let T D .P i j i 2 ¹1; : : : ; hº/ be a tower of G. Then we have
Proof. We argue by induction on h j . If j D h 1, then P h D P h and hence there is nothing to prove. Suppose h j > 1 and set R´C P j .P h /. We have OER; P h ; P j C1 D 1, and also OEP h ; P j C1 ; R Ä OEP h ; R D 1 by Definition 3.1 (2) . Thus the Three Subgroups Lemma yields OEP j C1 ; R; P h D 1, that is,
Now the inductive hypothesis gives
Lemma 3.7. Let T D .P i j i 2 ¹1; : : : ; hº/ be a tower of G and let N be a normal subgroup of G with
for every j 2 ¹1; : : : ; h 1º. Then T 0´. P i N=N j i 2 1; : : : ; h 1º/ is a tower of G=N .
Proof. From (3.1) and Lemma 3.6, we have P j \ N Ä C P j .P j C1 / for j < h. Set R h´1 , and set R j´CP j .P j C1 / for j < h. Thus P j D P j =R j , for every j . Now, for j < h, we have
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For each j 2 ¹1; : : : ; h 1º, set Q j´Pj N=N , and define Q h 1´Qh 1 , and Q j´Qj =C Q j .Q j C1 / for j < h 1. In particular, for j 2 ¹1; : : : ; h 2º, there exists
We show (by induction on h j ) that L j Ä R j , for each j 2 ¹1; : : : ; h 1º.
This gives
Combining (3.1), Lemma 3.6 and the definition of R j C1 , we have
Thus L j Ä R j and the induction is proved.
Observe that
As L j N Ä R j N Ä P j N , from (3.2) and (3.3), we see that P j is an epimorphic image of Q j . Finally, since T is a tower of G, it follows immediately that T 0 is a tower of G=N .
Given a tower T D .P i j i 2 ¹1; : : : ; hº/ and j 2 ¹1; : : : ; hº, we set
Observe that from Definition 3.1 (2), we have T j E T 1 .
We are now ready to prove one of the main tools of our paper.
Lemma 3.8. Let G be a group, let be a non-empty subset of .G/, let A be a Hall -subgroup of G, and let T´.P i j i 2 ¹1; : : : ; hº/ be a tower of G. Then: Assume .P h / … . Write T 0´. P i j i 2 ¹1; : : : ; h 1º/. From Lemma 3.4, the family T 0 is a tower of G. As .T 0 / D .T /,ˇ .T 0 / Dˇ .T / and T 0 has length h 1, the proof follows by induction.
Assume .P h / 2 . Let t 2 ¹1; : : : ; hº with T t D P h P h 1 P t a -block of T . Suppose that T t is the only -block of T . Therefore .T / D h t C 1, .T / D 1 and T t is a Hall -subgroup of G. Moreover, since T t E T 1 D G, we have A D T t . Write T 0´. P i j i 2 ¹t; : : : ; hº/. From Lemma 3.4, the family T 0 is a tower of G, and hence a tower of A. As T 0 has length h t C 1, from Lemma 3.2, we get h.A/ h t C 1 and the proof follows.
Suppose that T t is not the only -block of G, and let j 2 ¹1; : : : ; t 1º be maximal with .P j / 2 . Suppose .P j / ¤ .P t /. Then Lemma 3.4 yields that T 0´. P i j i 2 ¹1; : : : ; hº n ¹j C 1; : : : ; t 1º/ is a tower of G. Since T 0 has length h .t j 1/ < h, from our induction we deduce
Finally, suppose .P j / D .P t /. In particular, either .P j 1 / ¤ .P t / or j D 1. Now, Lemma 3.4 gives that T 0´. P i j i 2 ¹1; : : : ; hº n ¹j; : : : ; t 1º/ is a tower of G. As T 0 has length h .t j / < h, the inductive hypothesis yields
Part (2): As in (1), we proceed by induction on h C jGj. Assume .P h / … . Then T 0´. P i j i 2 ¹1; : : : ; h 1º/ is a tower of G of length h 1 with the property thatˇ .T 0 / Dˇ .T /. Thus the proof follows by induction.
Assume that
.P h / 2 . Write N´O 0 .G/ and assume first that N ¤ 1. For j 2 ¹1; : : : ; h 1º, we have OEP j \ N; P h Ä N \ P h D 1 and hence
In particular, by Lemma 3.7, T 0´. P i N=N j i 2 ¹1; : : : ; h 1º/ is a tower of the group G=N and, by induction,ˇ .T 0 / Ä` .G=N /. Sinceˇ .T / Dˇ .T 0 / and` .G/ ` .G=N /, we getˇ .T / Ä` .G/. Assume then that N D 1.
Write T 0´. P i j i 2 ¹1; : : : ; h 1º/. By Lemma 3.4, T 0 is a tower of G of length h 1. If P h is not a -block, thenˇ .T 0 / Dˇ .T / and, by induction, we getˇ .T / Ä` .G/. Suppose that P h is a -block, that is,
Write M´O .G/ and observe that M ¤ 1 and`
For j 2 ¹1; : : : ; h 2º, we have
and hence P j \ M Ä C P j .P h 1 /. In particular, by Lemma 3.7 (applied to T 0 ), T 00´. P j M=M j j 2 ¹1; : : : ; h 2º/ is a tower of G=M . Now, by induction,
.G=M / ˇ .T 00 / Dˇ .T 0 / from which it follows that` .G/ ˇ .T /.
4 Factorisations: Proofs of Theorems 1.1 and 1.2 and Corollary 1.5
We start by proving the following.
Lemma 4.1. Let G be a group, let be a non-empty proper subset of .G/ and let G D AB be a factorisation, with A a -subgroup of G and
Proof. Let T be a Fitting tower of G (see Definition 3.3). Using first Lemma 3.8 part (1) and then part (2), we have We now show that the bounds in Theorem 1.1 are (in some cases) best possible. (We denote by C n a cyclic group of order n.) Example 4.2. Let p; q; r and t be distinct primes and let n 1. Define
Now, for each i 1, define inductively
We let H´H n and G´C t wr H . Let A be a Hall ¹p; qº-subgroup of G and let B be a Hall ¹r; tº-subgroup of G. 
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The proof of Theorem 1.2 will follow at once from the following lemma, which (in our opinion) is of independent interest. Lemma 4.4. Let G be a group, let be a non-empty subset of .G/ and let H be a Hall -subgroup of G. Then` .G/ Ä ı.H /h.H /.
Proof. When j j D 1, the proof follows immediately from Theorem 2.2. In particular, we may assume that j j > 1. Now we proceed by induction on jGj C j j. and hence we may assume that the group G contains a unique minimal normal subgroup. This yields
Write ´ n ¹pº. Observe that` .G/ Ä`p.G/ C` .G/. As G is isomorphic to a subgroup of H=F.H /, we get h.G / Ä h.H=F.H // D h.H / 1. Now, from the inductive hypothesis, we obtaiǹ
Proof of Theorem 1. Clearly, Theorem 1.4 always offers a better estimate on h.G/.
